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The infrared Hall angle in optimally doped single crystal Bi2Sr2CaCu2 08+x was measured from 
3.05 to 21.75 meV as a continuous function of temperature from 25 to 300 K. In the normal state, the 
temperature dependence of the real part of the cotangent of the infrared Hall angle obeys the same 
power law as dc measurements. The measured Hall frequency ojh is significantly larger than the 
expected value based upon ARPES data analyzed in terms of the relaxation time approximation. 
This discrepancy as well as the temperature dependence of Re(cot9H) and loh is well described by 
a Fermi liquid theory in which current vertex corrections produced by electron-magnon scattering 
are included. 
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I. INTRODUCTION 

Ever since the discovery of High Tc cuprate supercon- 
ductors, Hall angle measurements have figured promi- 
nently in the discussion of two broad classes of theoreti- 
cal approaches of the nonsuperconducting state: Fermi 
liquid and non-Fermi liquid descriptions. The cotan- 
gent of the dc-Hall angle in optimally doped p-type 
cuprates exhibits an anomalous, nearly quadratic tem- 
perature dependence^"— while the longitudinal resistiv- 
ity shows a linear dependence over a wide range of 
temperature.— The measured dc-Hall coefficient Rh near 
the superconducting transition temperature Tc is a fac- 
tor of 3 to 4 larger—"— than that predicted by Lut- 
tinger's thereom while angular resolved photoemission 
spectroscopy (ARPES) measurements show a reasonably 
simple large holelike Fermi surface (FS) whose area is 
consistent with the stoichiometric doping (although there 
are some subtleties associated with the bilayer splitting 
in double-layer compounds) <^ These facts have often been 
interpreted as proof of distinctly non- Fermi liquid behav- 
ior spurning the development of novel and exotic theories 
to describe the phenomenologyii^ 

However, recent Shubnikov de Haas (SdH) and de Haas 
van Alphen (dHvA) measurements have demonstrated 
sharp oscillations in 1/H in both overdoped and un- 
derdoped p-type cupratesj^"— a hallmark signature of 
quantum oscillations and the existence of a well defined 
Fermi surface and attendant quasiparticles. In overdoped 
Tl2Ba2Cu06+5 (Tl-2201)^ the area of the FS as de- 
duced from dHvA oscillations is consistent with ARPES 
measurementsji^ angular magnetoresistance oscillations 
(AMRO) measurements^^ low temperature Hall coeffi- 
cient measurements)^ and Luttinger's thereomJ^ There 
is general agreement between ARPES and band structure 
calculations . ^^'^^ Importantly, the Wiedemann- Franz law 
has been experimentally verified i^^i^^ This evidence ap- 
pears to validate Fermi liquid theory at least in the 



strongly overdoped p-type cuprates. 

Underdoped p-type cuprates exhibit more complicated 
behavior. Measured in zero field at temperatures above 
Tc, the FS depicted by ARPES shows disconnected gap- 
less Fermi arcs that have holelike curvature^ whose length 
diminishes with decreasing doping and temperature In 
high field and low temperature, (Ic-Rh measurements 
show a negative electronlike behavior— while the mea- 
sured frequency of quantum oscillations in 1/H imply a 
drastically smaller FS than the large holelike FS implied 
by ARPES. The measured value of the cyclotron mass 
in underdoped systems, rric ~ 3mer'"— is very near the 
band value associated with the full FS. Generally for a 
small FS, one would expect a large variation in the energy 
dispersion resulting in a much reduced cyclotron mass. 

Unfortunately, no quantum oscillation experiments 
have been performed on optimally doped material since 
relatively short lifetimes and the present limit of achiev- 
able magnetic fields conspire to make measurements un- 
tenable. Infrared (IR) Hall measurements do not suffer 
from such strict constraints and have been performed on 
YBa2Cu306+x(YBCO-123) thin films at -100 meV in 
low fields (— 8T) above Tc, circumstances more like the 
zero field ARPES conditions than the high field quan- 
tum oscillations experiments. The IR Hall frequency is 
holelike and increases with decreasing doping, a signa- 
ture of FS reconstruction consistent with formation of 
small pocketsi^ However, the relatively high frequency 
of the reported IR Hall measurements complicate direct 
comparisons with ARPES measurements due to known 
intermediate energy scales such as the high energy renor- 
malization of the dispersion as measured by ARPES)^ in- 
terband transitions}^ the pseudogap energy;^ and mag- 
netic correlations measured by neutron experimentsi^ 
Furthermore, the Cu-0 chain contribution to the longi- 
tudinal conductivity uniquely associated with YBCO-123 
complicates the analysis of the IR Hall data making di- 
rect quantitative comparisons difficult. 
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IR Hall measurements at low frequencies (< 10 meV) 
below these characteristic energy scales directly probe 
the intrinsic properties of the FS in a unique way. This 
technique, together with quantitative comparisons with 
ARPES and other transport data, have proven very suc- 
cessful in establishing the causal mechanism of the ex- 
tremely anomalous behavior of the Hall effect in n-typc 
cupratcs in the ovcrdopcd rcgim o^^'^^ as well as the un- 
derdoped regime in the paramagnetic statei^ Further- 
more, the technique has proven a reliable and sensitive 
probe of FS reconstruction as established in underdoped 
n-type cuprates below the Neel temperature j^i^ mani- 
festing 0jS cL drastically reduced Hall massi^ 

In this paper, we report finite frequency Hall an- 
gle measurements on optimally doped Bi2Sr2CaCu208+x 
(Bi-2212) single crystals in the terahertz (THz), or far in- 
frared (FIR), spectral region. The FIR Hall response is 
significantly larger than expected based upon ARPES re- 
sults analyzed within the relaxation time approximation 
(RTA), a result similar to dc Hall measurements. This 
discrepancy can be accounted for by including current 
vertex corrections produced by clcctron-magnon scatter- 
ing in a Fermi-liquid based theoretical analysis, a mech- 
anism firmly established in n-type cupratesi^^— 



II. EXPERIMENTAL DESCRIPTION 

Optimally doped single crystal Bi2Sr2CaCu208+x 
grown by the travelling floating zone method^ were ex- 
foliated normal to the c-axis and mounted to a z-cut 
quartz substrate with a broadband nichrome antireflec- 
tion coating)^"— The thickness was determined to be 
100 nm with an area defined by a 2.5 mm diameter cir- 
cular aperture. A midpoint Tc of 87 K with a width of 
1.5 K was measured using an ac magnetic susceptibility 
probe. 

The Faraday rotation and circular dichroism (ex- 
pressed as the complex Faraday angle, 6'f = tyx/txx, 
the ratio of the off-diagonal and diagonal Fresnel trans- 
mission amplitudes) as well as the relative transmission 
were measured at a set of discrete frequencies as a con- 
tinuous function of temperature. The output of a far- 
infrared molecular vapor laser was polarization modu- 
lated via a rotating quartz quarterwave plate and subse- 
quently transmitted through the c-axis oriented sample 
at normal incidence in applied magnetic fields up to 8T. 
The complex Faraday angle was obtained by harmoni- 
cally analyzing the detector signal, a technique that is 
detailed elsewherci^ Both the real and imaginary parts 
of the Faraday angle measured at fixed temperature were 
linear in applied field. The Faraday angle as a continu- 
ous function of temperature is presented in Fig.[Ii;a,b). 
The imaginary part of the Faraday angle measured at 
21.75 me V could not reliably be measured due to partic- 
ularly low optical throughput power. 

In the normal state, the complex Hall angle is de- 
rived from the Faraday angle in the thin film limit via 



6'h = (1 + ^"j""'^^ )6>F, where (Txx is the longitudinal con- 
ductivity, 71 IS the index of refraction of the quartz sub- 
strate, Zq is the impedance of free space, and d is the 
thickness of the filmj^ FTIR-spectroscopic transmission 
measurements were performed in the spectral range from 
2 to 25meV at a set of discrete temperatures ranging 
from 100 to 300 K. The complex conductivity Cxx was 
extracted by fitting to a simple Drude form. 9h is very 
insensitive to errors in ctxx since the conversion factor 
was found to be < 15% at all measured frequencies and 
temperatures ^ 

The resulting normal state complex Hall angle mea- 
sured at 3.05, 5.24, and 10.5 meV as a function of temper- 
ature is shown in Fig.[TJc,d) . Both the real and imaginary 
parts of the Hall angle at all temperatures and frequen- 
cies are positive indicating a net holelike Hall response. 



III. NORMAL STATE DATA ANALYSIS: 
DRUDE MODEL 

Spectroscopic measurements show the longitudinal 
conductivity well described by a simple Drude model 
in the FIR where the scattering rate is proportional 
to temperature and the plasma frequency is temper- 
ature independent^!^ consistent with early ARPES 
measurements^ and dc resistivity measurementsi^ Mo- 
tivated by these experimental results, we analyze our FIR 
Hall results in terms of a simple Drude parametrization. 
It should be noted, however, that the well-known anoma- 
lous Hall effecti where Ac-coiOn ^ T^-'^^ together with 
the dc resistivity ~ T is difficult to reconcile within a 
Drude parametrization. One of our initial motivations for 
extending dc Hall angle measurements to THz frequen- 
cies was to separately determine the temperature depen- 
dences of the Hall scattering rate and the Hall mass. 

Within a Drude parameterization, tan^/f « 9h = 
/ {iH—i^) where wjy = eB/cmn is the Hall frequency, 
niH is the Hall mass, jh is the Hall scattering rate, cj is 
the applied optical frequency, B is the applied magnetic 
field, c is the speed of light, and e is the bare charge of 
an electron. Rearranging, we may write: 

Re{l/9H) = Jh/^h 



or, equivalent ly, expressing the Hall frequency in terms 
of the Hall mass gives: 

!^^ = -^^/m(l/M (2) 

me UJ 

where cotOn ~ ^/Sh, (^q = 0.115 meV/T is the bare 
electron cyclotron frequency and irie is the bare electron 
mass. Figures [TJe) and (f) show i?e(l/0//), ojh, and mn 
at several FIR frequencies as a function of temperature. 

loh (and ttih) is frequency independent (within the er- 
rors of the measurement) and only slightly temperature 
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FIG. 1: (color online) (a,b) Real and Imaginary parts of the Faraday angle measured at 3.05, 5.24, 10.5, and 21.75 meV. The 
imaginary part of the Faraday angle for the 21.75 meV data set was not reliably measured so is not reported. (c,d) Real and 
imaginary part of the Hall angle in the normal state, (e) i?e(l/6//) measurements are consistent with THz measurements in 
the range 0.41 to 1.24 meV performed on optimally doped YBCO-123 films (red squares)^ as well as dc-cot6'£f measurements 
performed on slightly overdoped (Tc=86.5K) (cyan)^ and optimally doped single crystal Bi-2212 (violet).— The dashed straight 
lines are linear fits to the IR Hall data, (f) The measured Hall frequency normalized to the free electron Hall frequency, 
cjQ — 0.115 meV/T. The inset shows the Hall mass in units of bare electron mass irie versus temperature. The superconducting 
state is cross-hatched in grey since the single fluid Drude parametrization does not apply to the superconducting state. 



dependent. As temperature increases or frequency de- 
creases, the ljh data becomes more noisy commensurate 
with the decreasing magnitude of the Hall angle. The 
best signal-to-noise for determining the temperature de- 
pendence of ujh are the 10.5 meV and 5.24 meV data sets 
which show a very discernable bowed behavior. 

Even at finite frequencies up to 10.5 meV, Re{l/9H) 
obeys a power law ~ yi-65±o.i consistent with published 
THz Hall measurements performed on optimally doped 
YBCO-123 films at 0.41 meV to 1.24meV^ and dc mea- 
surements performed on Bi-2212 single crystals^ and 
filmsii Although the temperature power laws are the 
same, varying offsets between data sets are presumably 
from variations in sample quality and associated impu- 
rity scattering. A small frequency dependence is discern- 
able which shows Re{l/9H) decreasing slightly with in- 
creasing frequency consistent with earlier FIR broadband 
measurements on optimally doped YBCO-123 near Tci^ 

The Drude analysis is easy to understand but very 
limited. It assumes that two parameters, a character- 
istic frequency and scattering rate, can reasonably cap- 



ture the physics of all transport measurements. However, 
Fermi surfaces which have anisotropic scattering rates 
and Fermi velocities will manifest as differing effective 
Drude parameters when probed with various experimen- 
tal techniques due to the nature of averaging around the 
FS. In order to compare the IR Hall data with ARPES 
and other transport data, we review Boltzmann formal- 
ism. 



IV. BOLTZMANN THEORY: TRANSPORT 
AND ARPES DATA COMPARISONS 



Within the RTA in Boltzmann theory, the off-diagonal 
and diagonal conductivities may be expressed as path in- 
tegrals around the FS involving the Fermi velocity, scat- 
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tcring rate, and size and shape of the FS>si 
hcQ he (7;! - iuf 

2 (* I I 

<J.x = -^(l dk^^ (3) 

^CO /fs % - 

where v^. is the (renormahzed) Fermi velocities as mea- 
sured by ARPES, 7^ = A A;, Afc is the momentum dis- 
tribution curve (MDC) width as measured by ARPES, 
and Co is the average interplane spacing. Various trans- 
port quantities can be calculated, but the relevant quan- 
tities of interest are the dc Hall coefficient Rh = axylcf^^-, 
the Hall angle Qu = Uxyl (^xx^ and the Hall frequency and 
scattering rate given by the expression ujhUih — i^) = 

^xy / ^xx • 

In a comparison of ARPES and transport data it is im- 
portant to recognize that the current relaxation time that 
characterizes transport is not necessarily the same as the 
quasiparticle lifetime measured by ARPES. For exam- 
ple, small angle elastic scattering does not affect trans- 
port but does contribute to MDC width broadening4i 
However, it is equally important to realize that for the 
rather simple Fermi surfaces under consideration in this 
study. Rh and uh (and to//) depend only weakly on the 
anisotropy of the scattering rate. In the limit of high 
frequency or isotropic scattering, Rh^ and ojh are inde- 
pendent of scattering rate, and are given by: 

'"^ he - §^^dk\vl\ 

^ hcoeB is v*kXdvl 
" e2 he {i,dk\vl\)^ ^ ^ 

Note that for the case of isotropic mean free path, v^./'jI, 
and a single sign of concavity associated with the entire 
FS, the dc HaU coefficient is given by Rh = *(C/C")^ 
where C and C" are the circumferences of a circular and 
non-circular Fermi surface of the same area, and i?jf * IS 
the Luttinger value of the Hall coefficient. 

The cyclotron frequency uJc (or cyclotron mass TOc) is 
inherently independent of scattering rate and depends 
only on the Fermi velocity and circumference of the FS: 

Ldk TOp he i tSSt 

U JFS \v*\ 

where ojq is the free electron cyclotron frequency and rrie 
is the bare electron mass. The Hall frequency is exactly 
equal to the cyclotron frequency in the special case of a 
circular FS with isotropic velocity and isotropic scatter- 
ing. 



V. SUBSTANTIATING COMPARISONS 
BETWEEN ARPES+RTA AND TRANSPORT IN 
CUPRATE SYSTEMS 

ARPES measurements reflect the bulk band disper- 
sion and FS topology in various cuprate systems. In 
overdoped PCCO in the T— >0 limit, the measured dc- 
Rh agrees with the value calculated from ARPES data 
within the RTA, and both are consistent with Lut- 
tinger's thereomi^ In underdoped n-type cuprates, the 
number density of the electron pocket derived from 
ARPES measurements is consistent with the stoichio- 
metric doping as measured in Smi.86Ceo.i4Cu04^ and 
Nd2_:,Ce:,Cu04±5 (NCCO),^>^iii In optimally doped 
Bi-22I2, the band dispersion as measured by recent low 
energy laser ARPES agrees with earlier higher energy 
measurements verifying that both techniques are mea- 
suring bulk properties!^ 

Before analyzing Bi-2212, it is instructive to compare 
ARPES and transport data in strongly overdoped Tl- 
2201 where deviations away from simple Fermi liquid- 
like behavior are much less severe. The ARPES mea- 
sured FS size from reported data is reasonably con- 
sistent with the de Haas van Alphen measurements^ 
AMRO measurements Luttinger's thereom^iii^ and 
low temperature Hall coefficient measurements There 
is general agreement between ARPES and band structure 
calculations fiiii^ and the Wiedemann- Franz law has been 
experimentally verified J^ii^ 

These results make a compelling case for the appli- 
cability of Fermi liquid theory in strongly overdoped 
p-type cuprates. We directly test the relaxation time 
approximation by using Boltzmann transport theory to 
calculate dc-Rn (Eq.[3l) and TOc (Eq.[5]) with parame- 
ters derived from ARPES data. The size and shape 
of the FS are given by the following tight binding pa- 
rameters: fi = 0.2438, ti = -0.725, t2 ^ 0.302, 
ts = 0.0159, t4 = -0.0805, U = 0.0034, aU expressed 
in eV.— The scattering rate as a function of angle 
around the FS is reportedf^^ The nodal and antinodal 
Fermi velocities are given by v^,^ = 2.0 ± 0.15 eV A 
and i^TT.o = 0.765 eV A, respectively^^ Interpolation be- 
tween the nodal and antinodal Fermi velocities is rea- 
sonably provided by the tight binding model. However, 
to conservatively estimate errors in the interpolation, a 
range of functional forms of the Fermi velocity given by 
+ {vtt.o — i;7r,7r)(sm 26')" are used where n ranges 
from 2 to 8 and the location on the FS is parameterized 
by the angle 9. 

The integrated area of the ARPES measured FS yields 
a number density consistent with the Luttinger value 
associated with the stoichiometric doping, 1.26. The 
Hall coefficient calculated from the stoichiometric num- 
ber density yields Rh ~ 8.4 x lO^^^m-^/C, consistent 
with the low temperature measurement of dc-Rn = 
8.5 X 10~^°m^/CJ^ However, the measured dc-Rn in- 
creases to a peak value of about 12 x 10~^°m^/C at 
~100K and, importantly, falls off to a value of about 
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10 X 10~-^°m^/C at higher temperatures ~300K. 

Evaluating Eq.[3]yields a Hall coefficient in the range of 
7.5 to 10 X 10"^" m^/C. The range of values results from 
the various functional forms assumed for the interpolated 
values of v^. as well as some errors introduced from uncer- 
tainties associated with the ARPES measured scattering 
rates. Good agreement between the ARPES+RTA value 
and the low temperature dc-Rn value is achieved for the 
case where n « 3 for the velocity anisotropy interpolation 
function. 

The measured dc-Rn value at 100 K lies well out- 
side the range that is predicted by ARPES (assuming 
that the ARPES measured velocity and scattering rate 
anisotropy do not change significantly between Tc and 
100 K) illustrating that a breakdown of the simple relax- 
ation time approximation occurs for Tl-2201 at a doping 
of 1.26, even considering the conservatively large error 
bars. Therefore overdoped Tl-2201 appears to have an 
anomalous Hall effect similar to optimally doped p-type 
cuprates although it is much weaker. 

At sufficiently high temperature, the scattering be- 
comes dominated by phonon scattering and is expected to 
become isotropic. The Hall coefficient is then indepen- 
dent of scattering rate (see Eq.|4|). Under the assump- 
tion of isotropic scattering and Fermi velocities which 
agree with ARPES measurements, the predicted ARPES 
value of the HaU coefficient is 9.5 ± 0.5 x IQ-^^m^/C 
in reasonable agreement with the dc-i?// value of about 
10 x 10-1° m^/C at 300K. Whatever the cause of the 
anomalous dc Hall effect in overdoped Tl-2201, the effect 
seems to disappear at low temperature and in the vicin- 
ity of room temperature. At very high temperature in 
other cuprate systems, the Hall coefficient continues to 
decrease due to thermally activated transitions to other 
bands.i^'ia 

For completeness, it should be noted that under the 
assumptions of isotropic mean free path, the Hall coeffi- 
cient found from integrating the nearly circular FS yields 
the Luttingcr value as expected which is consistent with 
the dc measured value at low temperature. However, the 
ARPES data shows that neither isotropic scattering rate 
nor isotropic mean free path occurs at low temperature. 

The cyclotron mass calculated from Eq.[5] ranges 
from 4.5 me to 5.7 me, a result consistent with quantum 
oscillations measurements where nic ~ 4.1 ± l.Of^^ The 
associated error bars are large for both the ARPES-(-RTA 
value as well as the measured value. If a more accurate 
nic is measured by quantum oscillation experiments and 
more ARPES velocities are measured so as to derive the 
functional form of the velocity around the FS, a more 
thorough comparison could be made. 

The Tl-2201 case substantiates the ARPES-t-RTA 
methodology for the hole doped cuprate systems while 
concurrently showing an interesting beakdown of the 
RTA in the vicinity of 100 K, even in the strongly over- 
doped regime. As we show in the next section, the dis- 
crepancy between dc-Rjj and the ARPES+RTA value is 
much larger in optimally doped Bi-2212 than for strongly 



overdoped Tl-2201, but both show an enhanced Hall re- 
sponse above the ARPES+RTA value. Importantly, the 
IR Hall response also shows an enhancement above the 
ARPES+RTA value. 



VI. BI-2212: HALL DATA COMPARISON WITH 
ARPES+RTA 

There are complications which arise when comparing 
Bi-2212 ARPES results to transport data. The nodal re- 
gion is very well characterized, but intracell bilayer cou- 
pling complicates the analysis in the vicinity of the antin- 
ode. Recent ARPES measurements have resolved the 
bilayer splitting in optimally doped Bi-2212i^2i^ Early 
measurements reported an anisotropy in the scattering 
rate of 2 to 3 between the nodal and antinodal points?^ 
but they were not resolving the bilayer splitting. It has 
been well argued that these early ARPES measurements 
on Bi-2212 grossly overestimated the scattering rate away 
from the nodal direction due to the unresolved bilayer 
splitting^iS 

However, as we will demonstrate, the dc and FIR 
Hall response is much larger than the ARPES+RTA 
prediction. Effects produced by bilayer splitting and 
anisotropic scattering are small compared to this discrep- 
ancy, and both effects when fully taken into account tend 
to increase the discrepancy. 

We begin our analysis by assuming an isotropic scat- 
tering rate, but consider anisotropic scattering effects 
later. An isotropic Fermi velocity with a large holelike 
FS was measured by ARPES i^^iS The Fermi velocity 
was measured to be about 1.8 eV A at lOOKi^i^i^ The 
shape of the FS is given by a tight binding model where 
the dispersion is given by ep = —2ti {cospx + cospy) + 
4t2 cos Px cos Py — 2 (cos 2px + cos 2py ) with hopping pa- 
rameters h = 0.38 eV, t2 = 0.32ti, and ts = 0.5*2^^^1^ 
and a chemical potential chosen such that the area of 
the FS is commensurate with Luttinger's thereom. This 
model was modified to include bilayer splitting consistent 
with ARPES measurements on optimally doped Bi-2212 
by adding a gap function given by Ao{cos pxX + cos Pyy)^ 
where Aq ~ ±50meVi^'^ Under the assumptions of 
isotropic scattering and isotropic Fermi velocity (assum- 
ing the ARPES value of 1.8 eV A) for the case where 
bilayer splitting is ignored (setting Aq = 0), we find 
loho ~ ^co = 0.33 (mjjo = 3.0 TOe) where loq = 
0.115 meV/T is the free electron cyclotron frequency, and 
dc-Rno = 5.8x 10"i° m^/C. The deviation from the Lut- 
tinger value of dc-i?^ = 6.0 x lO^^^m'^/C is due to the 
slightly non-circular FS. 

If the velocity anisotropy given by the tight binding 
dispersion for the Aq = case are assumed (where the 
nodal velocity is scaled to the ARPES measured value 
of 1.8 eV A), then it is found that deviations from the 
above calculated transport values are very small. The 
reason is that the tight binding model shows only a slight 
anisotropy of the Fermi velocity where the nodal and 
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antinodal velocity are approximately equal with a slight 
depression of about 15% in between. 

When wc include the bilayer splitting where A — +50 
mcV (—50 meV) which changes the dispersion away from 
the nodal point (causing larger anisotropic variation of 
the Fermi velocity) as well as the size and shape of the 
Fermi surface, we find a suppression of the Hall fre- 
quency cj/f/wg = 0.29 (0.32), a cyclotron frequency of 
i^cl'^Q ~ 0.25 (0.39), and a Hall coefficient of Rh = 
5.1 X 10-1° m^/C (6.0 X 10-i°mVC). The Boltzman 
transport values predicted by ARPES including bilayer 
splitting are then iJ^g = 5.5 x lO-^^m^/C, = 0.25 
and 0.39 a;§ for the two Fermi surfaces, and cj^^ = 0.30 cjq 
(corresponding to m^g = 3.3 TOe). 

We introduce a scattering rate anisotropy of the form 
7(6*) = 2 — sin(20) to the same tight binding model such 
that the antinodal point scattering is twice as large as 
the nodal scattering, an overestimate of the anisotropy. 
For the Aq = case, we find Rm = 7.8 x lO-^^m^/C, 
and ujhq values ranging from 0.34 to .33 corresponding 
to the low and high frequency limits, respectively. If 
the bilayer splitting is then included while concurrently 
including the anisotropic scattering which is assumed to 
be the same in both the antibonding and bonding bands, 
then the values become i?^ = 7.4 x lO^^^'m'^/C and 
uj'u ranges from 0.32 to .30cjg between the low and high 
frequency limits, respectively. 

Summarizing, using ARPES data for optimally doped 
Bi-2212^i^i^-^i^ Rn, Wc, and ujh (and m//) were 
calculated within Boltzmann transport formalism. The 
ARPES+RTA value of = O.SOwg {mn = 3.3me) is 
substantially less than the measured value of bj^ = 0.44± 
.04 at 100 K for all frequencies < 10.5 meV. This repre- 
sents a substantial enhancement of the FIR Hall response 
~ 50% above the ARPES-^RTA expectation. Similarly, 
the measured Ac-Rh « 20 x lO-i^m^/C at 100Ki.-i is 
enhanced by a factor of 3 to 4 above the ARPES-f-RTA 
calculated value of Rh ~ 5.5 x lO-^^m^/C. 



VII. COMPARISONS WITH FLEX+CVC 
MODEL 

A theory of cuprate transport properties which in- 
cludes electron-electron interactions mediated by antifer- 
romagnetic fluctuations has been developed and exten- 
sively applied by Kontanij^ Antiferromagnetic fluctua- 
tions were calculated within the FLEX approximation, 
and the effective low energy electron-electron interaction 
Hamiltonian is then proportional to the dynamical spin 
susceptibility. Electron-magnon scattering causes correc- 
tions to the self energy as well as current vertex correc- 
tions (CVCs) to the conductivity. CVCs change the mag- 
nitude of the k-dependent current and cause deviations 
of the current direction away from the FS normal. A T- 
matrix formalism has also been incorporated to account 
for superconducting fluctuation effects in the vicinity of 



This theory has proven highly successful in account- 
ing for the features of the anomalous behavior of the dc 
Hall effect in both electron and hole doped cuprates as 
a function of doping and temperature. More recently 
it has been applied to the frequency dependence of hole 
doped cuprates at mid-IR frequencies and electron doped 
cuprates at THz frequencies. The theory successfully 
accounted for the doping, temperature, and frequency 
dependence of the IR Hall data on overdoped electron 
doped cupratesi ^^i^^ 

Calculated results of the IR Hall response are shown 
in Fig. [21 The calculation considers a one band Hub- 
bard model for the copper-oxygen planes with tight bind- 
ing parameters for YBCO-123 (which is similar to Bi- 
2212 except for the presence of the chain bands) with a 
Coulomb interaction characterized by an on site poten- 
tial U. The hole doping is set by the chemical potential. 
The longitudinal and Hall conductivity are calculated as 
a function of temperature for several representative THz 
frequencies. The calculations are performed both includ- 
ing and ignoring CVCs. The later case is equivalent to 
the RTA within the FLEX approximation. To compare 
with the experimental data, Re(l/6'//), oj//, and 7jy are 
calculated from the conductivity tensor via the definition 
of the Hall angle and Eq.[TJ 

The qualitative behavior of loh and Re(l/6'i/) is con- 
sistent with the IR Hall data. Both ioh and Re(l/0i/) in 
Fig.[lla,b) exhibit very little frequency dependence con- 
sistent with the data in Fig.[lje,f). The slight upward 
bowing of a;// with temperature and the superlinearity 
of Re(l/0^f) is reproduced (although the power law is 
somewhat weaker). 

Previously reported calculations of Ac-Ra in Ref.[27l. 
Fig. 19(i,iii), show a very large enhancement of dc- 
Rh above that predicted by the RTA (the 'No CVC 
case) consistent with the experimentally measured en- 
hancements in optimally doped Bi-2212 above the 
ARPES-I-RTA predicted value calculated in the previous 
sectionji 

Similar to the dc-Rn case, the enhancements of the 
IR Hall response loh above that expected from the 
ARPES-I-RTA value is also quantitatively equal to the 
enhancements calculated by including CVCs. As shown 
in Fig.[2^a), the enhancement of luh by the inclusion 
of CVCs at 100 K and 33meV is wg^'^/cj^^^-yc ^ 
1.3. This is consistent with the enhancement of the 
experimental value at 100 K and 10.5 meV above the 
ARPES+RTA value, = 1.5 where 

= 0.44 w§ from Fig.IHf), ^^rpes+rta ^ q g^^e 
(which includes bilayer splitting effects), and ojq = 
0.115 meV/T is the free electron cyclotron frequency. 
The smaller enhancement of ljh at THz frequencies com- 
pared with that of dc-Rn is well reproduced by the the- 
ory. 

The calculations capture all of the qualitative features 
of the data. This is an impressive success of the the- 
ory since the frequency and temperature dependence of 
the Hall data, as well as the quantitative discrepancy 
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FIG. 2: (color online) The calculated Hall angle using a FLEX + T-matrix approximation parameterized in the same manner 
as the reported data in Fig.[l] for easy comparison. Shown are graphs of the (a) Hall frequency ujh normalized to the free 
electron Hall frequency, u)^ — 0.115 meV/T, (b) Reil/On), and (c) Hall scattering rate ^h- The green (3.3 meV), blue (6.7 
meV), and black (16.7 meV) plots in figures (b) and (c) are nearly indistinguishable. 



with the ARPES+RTA value, places severe constraints 
on theories. 

Although the similarities between the data of 
Fig. [He, f) and the calculated values of Fig.[2Ja,b) are 
striking, there are some important discrepancies. In par- 
ticular, the magnitude of ujh differs from the experimen- 
tal value. 

To address this issue, we note that the FS resulting 
from the model calculation differs significantly from the 
FS as measured by ARPES in Bi-2212. The tight bind- 
ing model parameters are ii = 0.35 eV, ^2 = 0.17fi, and 
^3 = Q.2ti. The chemical potential is set to achieve the 
correct FS area corresponding to the stoichiometric dop- 
ing. For U=0 the FS is very similar to that measured 
by ARPES. However, for nonzero U the Fermi surface 
becomes distorted due to self energy corrections. The FS 
distortions result in much more curvature of the Fermi 
surface in the antinodal regions and less curvature in the 
vicinity of the nodal regions (compare the measured FS 
from Ref.lHI and [13 with Fig. 2(a) of Ref.Hl). Since lor 
weights more heavily the higher curvature regions of the 
FS, which for Kontani's FS occurs near the lower veloc- 
ity sections near the van Hove singularity in the vicin- 
ity of the antinode, the calculated value of w^"'^^'^ is 
expected to be substantially lower than our calculated 
value u:^RPES+RTA_ 

In view of these FS differences between the model cal- 
culation and that observed by ARPES, it is not surpris- 
ing that the model w ■H'^o about a fac- 
tor of 3 smaller than the ARPES-t-RTA derived value of 
^ARPES+RTA _ Q 3Q ahhough thcsc values, in princi- 
ple, should match. 

Similarly, the experimental value of i^f/^ = 0.44 cjq, 
is roughly a factor of 3 larger than the model value of 
^H^'^ = 0.15 Wq- Again the magnitude is off but, most 
importantly, the enhancement ratio is approximately cor- 
rect such that c.g^^/c^^°C7yc ^ ^fir i^arpes+rta _ 

These absolute magnitude comparisons are exacer- 



bated by another factor not included in the conductiv- 
ity calculations. Mott correlations associated with the 
Coulomb repulsion are expected to shift conductivity 
spectral weight from the low energy Drude-like response 
to high energies w >U»S Moreover, the spectral weight 
associated with axy is suppressed by a factor of ^3 more 
than demonstrated by an analysis of the FIR and 

MIR Faraday measurements on Bi-2212.— Since these 
Mott correlation effects are not included in the model, 
one expects an additional level of over estimation of the 
calculated lor- 

The results on Bi-2212 should be contrasted to our 
previous results in overdoped PCCO where the Hall fre- 
quency calculated from the FLEX+CVC theory is larger 
than our measured value as one would expect from the 
omitted effects of spectral weight renormalization due to 
Mott correlations from the theory.— The effects from FS 
distortions due to the Hubbard U are smaller for n-type 
cupratcs as can be seen in Fig. 2 of Ref.lsol. Since the 
FS is smaller, the portion near (7r,0) is further from the 
magnetic Brillouin zone and the van Hove singularity. 
Therefore, reductions of the Fermi velocity due to the 
addition of the Hubbard U to the tight binding model 
are much less severe resulting in less reduction of uih 
calculated within the RTA approximation. 

The good agreement of the FLEX+CVC theory in ac- 
counting for the enhancements of the IR Hall response 
above that predicted by the ARPES-I-RTA value while 
reproducing the frequency and temperature dependence 
is significant evidence that current vertex corrections to 
the conductivity together with interactions mediated by 
magnetic fluctuations are the origin of the anomalous 
Hall effect in the cuprates, an important conclusion of 
this work. However, the task of removing some defi- 
ciencies of the theory remain such as incorporating a 
proper treatment of Mott correlations on the conductiv- 
ity spectral weight and self consistently determining the 
Coulomb U to produce the measured ARPES FS. 
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VIII. PRECURSIVE SUPERCONDUCTIVITY 

In the inset of Fig.[IJf), a dip feature observed in rriH at 
3.05 and 5.24 me V has an onset temperature weU above 
Tc, but is most pronounced at 3.05 meV. This appears to 
be precursive superconducting behavior weh above the 
transition temperature. Various experiments have ex- 
hibited precursive superconducting behavior in the nor- 
mal state in the high-Tc cuprates: microwave cavity^ 
Nernst effect^ specific heat^ infra-red reflectivity;^ 
dc- Hah angle^^"— scanning tunnelhng microscopy^ 
and ARPES measurements)^ 

Of particular interest, Corson et al. observed a similar 
phenomenon above Tc in both undcr-^ and optimally- 
— doped Bi-2212 in the longitudinal conductivity axx 
using a terahertz spectroscopy technique. The real and 
imaginary part of axx of underdoped Bi-2212 (Tc=75K) 
as a function of temperature at 100 GHz ~ 0.14 meV 
reveal that the ratio of the phase of the conductivity 
4'xx = I'nT'icrxx) / R^i^^xx) at Tc to (l)xx at 100 K is > 4 in- 
dicating the imaginary part of cFxx increases much more 
rapidly than the real part of axx upon decreasing tem- 
perature towards Tc>^ On optimally doped Bi-2212, only 
the real part of axx as a function of temperature is re- 
ported where deviations away from the Drude (quasi- 
particle) contribution measured at frequencies 0.2, 0.6, 
and 0.8 THz is observedi^ The magnitude of the con- 
ductivity enhancement above the Drude contribution is 
a factor of 2, 1.2, and 1.13, respectively, when tempera- 
ture is reduced from 100 K to Tc. 

From our transmission measurements as a continuous 
function of temperature analyzed in terms of a simple 
Drude response (reported in Ref.ls^. we find an en- 
hancement in the magnitude of the conductivity of 1.3 
at 3.05 meV « 0.7THz and 1.1 at 5.24meV « 1.3THz 
when the temperature is reduced from 100 K to Tc. The 
enhancement of the magnitude of the conductivity is ex- 
pected to be larger than the enhancement of only the real 
part of the conductivity as measured by Corson et al. on 
optimally doped Bi-2212 due to the onset of a substantial 
imaginary part. 

The precursive behavior observed in the IR Hall an- 
gle is definitively associated with the longitudinal chan- 
nel and could possibly account for the entire behavior. 
Whether the off-axis conductivity contributes to the pre- 
cursive behavior is not currently discernable. 

IX. SUPERCONDUCTING STATE 

To analyze the superconducting state, we use a vari- 
ation of a phenomenological model of the magneto- 
conductivity which well described the FIR low temper- 
ature (< 20 K) magneto-optical response of supercon- 
ducting YBCO thin films.—"— The model conductivity 
used to describe the low temperature magneto-optical 
data consists of the sum of four temperature indepen- 
dent Lorcntzian oscillators: two associated with vortex 



core excitations, one associated with the zero frequency 
resonance of the superfluid, and one associated with the 
thermally excited nodal quasi-particles. 

Unlike the previously reported data, the present study 
covers a wide range of temperature. However, it remains 
instructive to extrapolate this low temperature model to 
higher temperatures. The temperature dependence of 
the nodal quasi-particle fraction and scattering rate have 
been measured in microwave experiments^ whose func- 
tional form is incorporated into the model. All other 
parameters are assumed temperature independent. 

We note that many parameters can not realistically be 
assumed temperature independent. For example, the size 
of the vortex cores increase with temperature^ which 
decrease the core level spacing. The pinning frequency 
depends strongly upon temperature (for example, it is a 
priori known that the pinning force vanishes above the 
vortex glass melting temperature, '^70 K). 

Regardless, the coarse features of the FIR Hall data 
are reproduced (although significant deviations which are 
discussed in detail in Ref.[3J notably exist) by the fol- 
lowing minimum number of terms in the conductivity 
expressed in the circular basis: a zero frequency super- 
fluid resonance (London term) , a cyclotron resonance as- 
sociated with the nodal quasi-particles, and one flnite 
frequency oscillator: 

^ ^ U \ 

\ — —i{uj±ujp)+Tp{t)J 

X(l-/n(t))+ 

where t = T/Tc is the normalized temperature, the nodal 
quasiparticle fraction and scattering rate are fn(t) = 1 
and Tn{t) = 16.3 meV t^-^^ for t > 1, and /„(t) = and 
^7i{t) = 16.3 meV for t < 1, the cyclotron frequency 
of the nodal quasiparticles w„ = 0.38 meV, the fraction 
associated with the number of particles condensed in the 
superfluid ~ .45, and the required flnite frequency 
oscillator parameters given by fp — .04, ujp — 4.4 meV, 
and Fp = 2.5 meV. 

The London term alone in the conductivity causes no 
Hall effect. The high frequency 21.75 meV data is well 
described by the quasiparticle cyclotron resonance term 
independent of other possible resonant terms, an observa- 
tion which is consistent with previous measurements on 
optimally doped YBCOj^ The low frequency data is not 
well described without the presence of a flnite frequency 
chiral oscillator 4.5 meV. This resonant energy is simi- 
lar to STM measurements of the flrst excited state vortex 
core energy ^ 7meV above the Fermi energy for opti- 
mally doped Bi-2212 and - 5.5 meV for YBCO.-^l The 
resonant feature is also similar to earlier magneto-optical 
measurements on YBCO of a hole-like chiral oscillator at 
^3meV3iZi 
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X. CONCLUSION 

Measurements of the IR Hall angle on optimally doped 
Bi-2212 were performed in fields up to 8T as a continu- 
ous function of temperature at four discrete frequencies 
ranging from 3 to 22 meV. Above Tc, the IR Hall re- 
sponse characterized by uh is found to be significantly 
larger than the value calculated within a Boltzmann for- 
malism using ARPES measured parameters. This is the 
THz manifestation of the well-known anomalous dc Hall 
effect where dc-Rn enhancements are much larger than 
the value expected from Luttinger's thereom as well as 
the ARPES+RTA value. These enhancements as well 
as the frequency and temperature dependence of the dc 
and IR Hall response is well described by a Fermi liquid 
theory which incorporates the current vertex corrections 
produced by electron-electron interactions mediated by 
antiferromagnetic fluctuations. 



There exists precursivc superconductivity signatures 
in the measured IR Hall response and transmission well 
above Tc. The low frequency data in the supercon- 
ducting state requires a finite frequency chiral oscillator 
~ 4.5 me V in the conductivity, a resonance presumably 
associated with the vortex core states. 
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